T{F(x)} = J F(x)P"(x)dx = f(n) (n = 0, 1, 2, • • • ) of functions F(x) defined on the interval -1 ^x^l, where P"(x) denotes the Legendre polynomials, serves as the basis of an operational calculus. The sequence of numbers/(w)
is called the Legendre transform of the function F(x).
The fundamental operational property of this transformation
(2) t {ah [(i " *2) 2}= ~n{n+i)/(w)
is obtained by applying successive integration by parts to the integral represented by the left-hand member of this equation so that the new integrand is the product of F by [(1 -x2)P"' ]', and by replacing this second factor by -n(n + l)Pn according to Legendre's differential equation [l] . Thus certain boundary value problems in ordinary and partial differential equations that involve the differential form appearing in the braces of equation (2) reduce to problems containing one less independent variable when written in terms of the transform of the unknown function. This has been illustrated in the literature [l; 2]. The role played by boundary conditions and differential forms in determining appropriate integral transforms for the reduction of given types of boundary value problems was indicated in an earlier paper [3] .
The inverse F_1 {/(«)} denotes a function F(x) whose transform is /(«). If F(x) satisfies conditions under which it is represented by its Legendre series [4] , then it follows from the formulas for the coefficients in that series that (3) F(x) = E(n + ^)f(n)P"(x) = ^{/(m)} (-1< x < 1).
"_o \ I /
The operational calculus based on Legendre transforms has been developed little beyond the stage of using formulas (l)-(3) above.
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The operator T replaces a differential form in F by an algebraic operation on/, according to formula (2), and if the problem in/can be solved then F(x) is given, at least formally, by equation (3) . An examination of these operations shows that they represent a systematic way of replacing known and unknown functions in a boundary value problem by their Legendre series and then solving for the unknown coefficients. Then the expansion (3) gives the unknown function. The operational calculus can be extended beyond this primitive stage by deriving a more complete set of properties of the operator T.
A convolution property of the transformation is one that expresses the inverse transform of the product of two transforms in terms of the two object functions without direct recourse to the basic inversion formula (3) . As in the operational calculus based upon Fourier and Laplace transforms, the convolution property makes possible a substantial extension of tables of transforms and it leads to alternate forms, even closed forms, of solutions of many boundary value problems. This property, which is necessary for the full development of the operational calculus, will be derived here. C is any point on the hemisphere, let X represent the arc AC oi the great circle through A and C, and let a denote the angle at A. Thus a and X are coordinates of the point C. Moreover, sin \dad\ represents an element of area of the surface so that the integral is the surface integral of the function G(cos X)P"(cos v), where cos v is given by equation (5) as a function of those coordinates. In fact, according to the cosine law for the spherical triangle ABC, equation (5) shows that v represents the side BC oi the triangle, where BC is the arc of a great circle.
If 8 represents the angle at B, then 8 and v, both ranging from 0 to it, represent new coordinates of the point C and the area element is sin vd8dv. Also, (7) cos X = cos p cos v + sin p sin v cos /3, so that the integral inside the brackets in equation (6) can be written where cos X is given by equation (7). The expression in the brackets is a function H (cos v) whose Legendre transform is the product f(n)g(n). In this sense H(x) is the convolution F(x) * G(x) of the functions F(x) and G(x).
Our expression for H(x), as exhibited in equation (9) According to equation (9) the convolution (10) or (11) is the operation on F(x) and G(x) that corresponds to the multiplication of f(n) by g(n):
(12) f(n)g(n) = T{H(x)\ = T{F(x)*G(x)(.
There is an interesting resemblance between our convolution (11) and the convolution corresponding to finite Fourier transforms [6] . The one-dimensional analogue of the integral in equation (11) with a = 0 in Fig. 1 and with S replaced by the unit circle ABA, so that v=\-p, is essentially the convolution for finite Fourier transforms. If we interpret \p and 8 as the rectangular coordinates of points C on the unit spherical surface as indicated in Fig. 2, then cos ddipdd represents an element of area on the surface. The region of integration of the surface integral is the front hemispherical surface X^O. Equation (13) reduces to a good alternate formula for the convolution when its integral is written in terms of the new coordinates a and <j> of points C (Fig. 2) .
The front hemisphere is covered by points C when a and <p vary from 0 to 2ir and 0 to 7r/2, respectively.
The area element is represented by sin <pdad<p. In the right spherical triangle ABC of Fig for each fixed x ( -1 <x<l).
4. Remarks. We have assumed above that the functions F(x) and G(x) are continuous. Let this condition be relaxed to the extent that those functions are assumed to be bounded and Riemann integrable on the interval -l^x^l.
This condition is sufficient to insure the existence of the simple and double integrals used here, the identity of the double integrals with the iterated integrals, and the validity of the transformations of the double integrals, in view of known properties of such integrals [7] . Our results can therefore be stated as follows:
Theorem.
Let F(x) and G(x) be bounded integrable functions on the interval -l^xgl.
Then the product f(n)g(n) of their Legendre transforms is the transform of the function H(x) described by any one of the formulas (10), (11), (14), (15), or (16).
